Boundary value problems on the eccentric annulus are quite complex and can not directly be solved analytically using cartesian or polar coordinates. Many mathematical techniques have been used to solve such a problem by using conformal mapping and bipolar coordinate. In the literature, Carrier Lebedev et al. [9] have solved this kind of problems using similar techniques. By using transformation in a transformed plane in the complex variable theory, we can obtain the analytical solution easily. We focus on the connection between conformal mapping and curvilinear coordinates, and figure out the relation to take integration by way of mapping in the complex plane. All the transformations and curvilinear coordinates can be unified using the viewpoint of conformal mapping. Their relationship among available methods can be constructed by translation, stretching, rotation and inversion. Finally, an example of eccentric domain is solved by using various mappings and curvilinear coordinates, their relation are linked. Not only geometry transformation is concerned but also the solution of the Laplace equation is obtained.
INTRODUCTION
Based on the complex variable theory, a number of physical problems governed by Lapalce equation in two independent variables, e.g., steady-state heat condition, electrostatic potential and fluid flow, can be solved by using conformal mapping to obtain an analytical solution. Also we can formulate the same problems using different curvilinear coordinates to obtain a solution, e.g., bipolar coordinate and elliptic coordinate. Carrier and Pearson [1] used a technique for solving certain kinds of potential problems, based on the bilinear transformation of conformal mapping. The eccentric case was mapped to an annular domain. For a polygonal shape, it can also be mapped to regular region by using the Schwarz-Christoffel transformation (Brown and Churchill [5], Lafe et al. [12] ). For the regular domain, it is easy to solve the Laplace equation subject to Dirichlet boundary condition in polar or rectangular coordinate.
Muskhelishivili [2] gave us a detailed description how an eccentric annulus can be mapped into concentric annulus using a simple form of linear fractional transformation. Shen [7] , Chen and Weng [11] also used the same method to solve eccentric annulus problems. Although a bilinear transformation was used, the mapping functions were not exactly the same between the one of Carrier and Pearson [1] and that of Muskhelishivili [2] . Some differences such as translation and stretching can be found. Problems involving two nonconcentric circular boundaries usually require the use of the bipolar coordinate. Ling [3] , Timoshenko and Goodier [4] , and Lebedev et al. [9] all presented an analytic solution using bipolar coordinate for the torsion of an eccentric bar. However, the mapping functions were also not exactly the same. One (Ling [3] ) is cotangent function, another (Lebedev et al. [9] ) is hyperbolic tangent function and the other (Timoshenko and Goodier [4] ) is hyperbolic cotangent function. After the bipolar coordinate is introduced, the special domain problem can be solved by using separation variable in a regular domain. A typical example would be the electric field surrounding two parallel cylindrical conductors.
Stephens This paper will link the relationship of various approaches from the viewpoint of conformal mapping. The other parts of the present paper are arranged as follows. In Section 2, the method of conformal mapping is reviewed and the analytic solution of the Laplace equation with an annular domain is reviewed. In Section 3, we not only describe the geometric characterization of bipolar coordinate but also derive the analytic solution of Laplace's equation. In Section 4, an example is demonstrated to link the relationship among many previous approaches based on the viewpoint of conformal transformation through translation, stretching, rotation and inversion. Finally, a conclusion is drawn in Section 5.
Conformal mapping using bilinear function
Definition of the bilinear transformation is given below:
where are constants (in general, complex). Eq. (1) is also called a linear fractional transformation or Möbius transformation [5] . Solving (1) for w in terms of , we have , likewise bilinear, the inverse transformation:
The bilinear transformation has the remarkable property that circles map to circles. 
According to three equations (9), (10) and (11) 
Then we can obtain an annulus with radii of 1 ρ and 2
ρ from any eccentric annulus using mapping of Eq. (6) with an appropriate value of a .
Derivation of an analytical solution for the Laplace Equation with an annular domain
By using the bilinear transformation, an eccentric domain can be mapped to an annulus domain. The Dirichlet problem for an annular domain can be described as shown below:
In addition,
u r θ must satisfy the periodicity condition. Accordingly, 1 ( ) f θ and 2 ( ) f θ must also be periodic with a period of 2π . Thus, the general solution is
where the Fourier coefficients 0 A , 0 , n B A , n , n and n are found by solving the following six equations [13] :
Now we can obtain an analytical solution for the eccentric case by using the conformal mapping. 
It follows that a curve ξ = constant is a family of circles passing through the poles It is clear curve of ( ,0).
c ± η = constant shows a curve for which constant. The proof is shown in the Appendix 1. Family of circles are drawn in Fig.2 . The outer radii , inner radii and the displacement are determined by Eq. (24) as shown below: 
To describe an eccentric circle in the bipolar coordinate, the three quantities, , and should be determined as shown below: 
Then we can describe an eccentric annulus by using bipolar coordinate. That transformation evidently moves to the right along the entire length of the horizontal line . Based on this transformation, we can find that an eccentric annulus can be mapped onto a rectangular domain. = . This is due to the symmetry in the geometry above and below the x − axis. Since the boundary condition is not necessarily symmetric about this axis, the problem must be solved piecewise over the interval 
In addition to the specified boundary conditions, the following natural boundary conditions arise due to the periodic circular symmetry:
( ,0) 0 [9] and Chen [11] are employed to solve this problem as shown in Table 1 and Table 2 . Although the Lebedev et al. [9] approach using hyperbolic tangent function is not shown in Tables 1   and 2 , it is different from the Timoshenko and Goodier formulation by inversion and rotation only. The geometry of various formulations using the viewpoint of conformal mapping is shown in Table 1 , and their relationship can be connected through operation of translation, stretching, rotation and inversion. Analytic solutions of the problem are shown in Table 2 using various formulations and the contour plots are also shown to compare with each other. Table 3 shows the detailed description for geometry while Table 4 summarizes the analytical solutions.
Conclusions
In this paper, various approaches including Carrier & Pearson 
